Abstract. In this work, we generalise linear magnetohydrodynamic (MHD) stability theory to include equilibrium pressure anisotropy in the fluid part of the analysis. A novel 'single-adiabatic' (SA) fluid closure is presented which is complementary to the usual 'double-adiabatic' (CGL) model and has the advantage of naturally reproducing exactly the MHD spectrum in the isotropic limit. As with MHD and CGL, the SA model neglects the anisotropic perturbed pressure and thus loses non-local fast-particle stabilisation present in the kinetic approach. Another interesting aspect of this new approach is that the stabilising terms appear naturally as separate viscous corrections leaving the isotropic SA closure unchanged. After verifying the self-consistency of the SA model, we rederive the projected linear MHD set of equations required for stability analysis of tokamaks in the MISHKA code. The cylindrical wave equation is derived analytically as done previously in the spectral theory of MHD and clear predictions are made for the modification to fast-magnetosonic and slow ion sound speeds due to equilibrium anisotropy.
Introduction
A hydrodynamic plasma model provides an intuitive and simple framework for plasma dynamics where the details of the velocity distribution of constituent charged particles is not important to the phenomena being studied. In laboratory fusion plasma, the magnetohydrodynamic (MHD) equations successfully explain a range of plasma instabilities. The equations specify necessary conditions for well behaved toroidal magnetic confinement experiments, and provide insights into the low-frequency electromagnetic wave observations, such as the shear Alfvén wave.
The stability analysis of tokamak plasma is often broken down into contributions from thermal and non-thermal populations, with fluid models convenient for the thermal components and kinetic models deployed for the rest. The subject of equilibrium pressure anisotropy and flow on tokamaks has received some recent attention due to the upgrading of heating power and the lower reliance on Joule/'Ohmic' heating in recent and future tokamak experiments, particularly in tight aspect ratio (for example: MAST-U and NSTX-U). Codes for MHD equilibrium [1, 2, 3] are being generalised [4, 5, 6 ] to include some of these non-resonant nonthermal effects in the fluid part of the analysis. The natural question is how to self-consistently include the stability aspects of pressure anisotropy in a fluid framework. Of course, kinetic extensions to the MHD model for non-Maxwellian parts of collisionless plasmas are widely implemented (see [7] for a recent review), however where resonant wave-particle interactions are not important, the full description of the velocity distribution inherent in a kinetic approach should ideally be simplified to a reduced model containing localised 'fluid-only effects' to aid in the understanding. One method to make this simplification is with a physically defensible, or at least comprehensible, statement about the per species fluid thermodynamics leading to a simple closure, such as the ideal gas adiabatic pressure law. Alternatively, one may arbitrarily truncate the hierarchy of fluid equations at a sufficiently high level as to hopefully capture all the non-resonant physics of local heat flow, if perhaps at the cost of clarity of physical interpretation [8] .
For collisionless plasma, Chew, Goldberger and Low (CGL) [9] deduced that the lowest order form of the plasma pressure may be expressed in terms of pressures parallel and perpendicular to the field. They further defined a fluid closure, the doubleadiabatic model, which assumed that both pressures did work in their respective directions but neglecting any heat flow between the degrees of freedom, or from adjacent fluid elements. Subsequent analytical work on plasma stability [10] included both MHD and CGL versions of their expressions, with CGL giving the more optimistic stability threshold. This was followed soon after by comparisons of the stability predictions of these fluid models to the kinetic theory [11] [12] which, for isotropic equilibrium, revealed that the reason for the difference between fluid models lay in the energy contribution from differing perturbed parallel and perpendicular pressures, with CGL exaggerating stability and MHD underestimating it when compared to the kinetic results. Much subsequent work has been done to analyse the stabilising effects of anisotropic equilibrium [13, 14, 15] , particularly with regard to the ballooning mode [16, 17, 18, 19, 20] , and the internal kink [21, 22] . Investigation of the stable spectrum in the presence of equilibrium anisotropy is much more sparse [23] .
The theoretical shortcomings of the fluid models are well publicised for magnetically confined fusion (see for example [24, 25] ) primarily due to the length scales parallel to the magnetic field being too short when compared with the collisional mean free path. Nevertheless, the self-consistent and theoretically rich MHD model serves as a well-understood foundation for understanding fusion plasma, on which one may later build if and when the experimental evidence demands.
This work concerns using a fluid approach for linear stability analysis of anisotropic tokamaks. We describe a novel 'single-adiabatic' (SA) fluid closure for the stability analysis of anisotropic magnetised plasma equilibrium, a closure which has the unique property of producing the same results as the MHD model for isotropic equilibria. We re-derive the set of equations currently used in the MISHKA [26] code showing the changes required to implement anisotropy, using either single or double adiabatic approaches, but focusing mostly on the single-adiabatic approach. Finally, we apply this new model analytically to cylindrical geometry and make quantitative and falsifiable predictions about the affect of anisotropic equilibrium on the continuous MHD spectrum and sound speed for finite β.
Single-adiabatic model
For convenience and clarity, we proceed in a natural MHD unit system where µ 0 → 1. All electromagnetic fields, fluxes and vector potentials may be restored to S.I. units with a transformation ... → .../ √ µ 0 , all electric currents with j → √ µ 0 j and the electrical conductivity with σ → µ 0 σ. The model is founded on the quasi-neutral set of single-fluid equations and resistive MHD conductivity,
where we have denoted the derivative to the left as ∇ ← in the evolution equation for the stress tensor P. These fluid equations may be found in the usual manner by successive moments of the Boltzmann equation, and have been rigorously re-derived in the collisionless limit by Ramos [8] . In the energy equation (Eq. (3)), we have neglected resistive dissipation of pressure by removing terms resembling (E + u × B) j, and dropped terms similar to P × B in anticipation of the form of the pressure tensor. Eq. (3) contains a third rank tensor Q which describes heat flow.
For the normal mode analysis of this paper we have assumed time dependent oscillations of the form exp (λt) where λ = −iω, and the system of equations is linearised around a non-flowing anisotropic equilibrium as
which leads to the linear unclosed set of equations
where H may be thought of as a perturbed j×B force. We are now in a position to seek an acceptable fluid closure. In this work, we seek to generalise the well-understood MHD fluid model, thus we need a linearised energy equation resembling
where γ = 5 3 , in the isotropic limit. To reproduce the physics of MHD, we must also neglect finite Larmor radius (FLR) effects in our fluid treatment. It is well known [9] (and easily verified using drift currents to lowest order in Larmor radius), that the pressure tensor in collisionless plasma may be written as a diagonal matrix
Setting Q = 0 and σ → ∞ reproduces the CGL double-adiabatic closure
= 0 [9] . It may be readily seen that the simple CGL closure does not reduce to the MHD expression d dt p ρ 5/3 = 0 in the isotropic limit. Fundamentally, the physical difference between models is that the parallel and perpendicular pressures in MHD are combined and indistinguishable when doing adiabatic work whereas in CGL they are mutually insulated and do adiabatic work independently. Thus to correctly generalise MHD to anisotropic equilibria, we require a 'single-adiabatic' closure that somehow treats these pressures together.
With some trial and error, we learn that a single-adiabatic theory can be obtained by defining an isotropic perturbed pressurep and assuming zero net heat flow. All anisotropic components to the pressure forces are ignored in order to reproduce only the MHD perturbed forces. To close the equations, our formal thermal assumptions of the model are
which, when taking the trace of our energy equation, lead immediately to the linearised model
which reduces to MHD in the isotropic limit as required. This heat equation containing the constructed scalar pressurep exhibits a viscous term 2 3 ∆B 0 B 0 : ∇ V which implies that the differential operator of the eigenvalue problem will be asymmetric and perhaps non-Hermitian, although we have not yet encountered complex eigenvalues in any solutions.
In the next section, we explore the physical interpretation and thermodynamics of this approach and closure.
Interpretation of the single and double adiabatic closures
The fluid stress tensor P may always be decomposed into diagonal and non-diagonal contributions
The diagonal contribution represents thermal momentum times a thermal velocity in the same direction, and therefore represents the pressure forces along each degree of freedom, which are anisotropic in general. Conversely, the off-diagonal elements represent thermal momentum transported in orthogonal directions, and so these elements represent shear viscous forces. A further decomposition is possible which defines a scalar part of the pressure and a 'parallel viscosity' correction to the scalar expression but leaving the shear viscous off-diagonal portion unchanged
Comparing to the classical transport theory [27, 28] , this decomposition is written P = pI + π where p is due to the Maxwellian part of the distribution function, and π is the non-thermal and traceless remainder, also known as the 'dissipative stress tensor'. Conversely, in the collisionless plasma theory, it is well known [29] that the shear offdiagonal terms are zero to first order in Larmor radius when the characteristic time of the phenomena is slow compared to the cyclotron motion. We henceforth drop the gyro-viscous FLR terms. Applying a perturbation to the pressures, we assume symmetry in x and y for z parallel to the equilibrium field.
We may identify the terms p =
We now write the linearised energy equation for each degree of freedom
simplifying to
which is the double-adiabatic CGL fluid closure if dQ ⊥ and dQ are zero.
To recover some hydrodynamic intuition and return to an MHD-like model, we turn our attention to the behaviour of the isotropic 'average' pressurep which underlies the CGL model before anisotropic perturbed forces are included. We simply eliminatẽ π ⊥ andπ from our equations using the identity 2π ⊥ +π = 0; adding twice Eq. (34) to Eq. (35) with zero heat flow we obtain
which is our scalar Eq. (25) derived earlier.
In the next section, we investigate the thermodynamics of this model.
Thermodynamics
We consider the thermodynamics of a Lagrangian fluid element of length z, crosssectional area A and volume V = zA which obeys the single-adiabatic closure dQ = 0 (37) dp ⊥ ≡ dp + dπ ⊥ (38) dp ≡ dp + dπ
where the fluid element is sufficiently small to be homogenous, and all changes are quasi-static in the classical thermodynamics sense. The condition dQ = dQ + dQ ⊥ = 0 is a weaker assumption than the CGL condition dQ ⊥ = dQ = 0. This is a luxury afforded to us because of our neglect of detailed behaviour of the parallel and perpendicular motion, which requires additional assumptions on dπ ⊥ and dπ to close the equations. In the CGL model, the condition dQ ⊥ = dQ = 0 provides that additional closure. Conversely, in the SA theory, we make no such statement, leaving open the possibility of non-adiabatic internal degrees of freedom.
First law
Treating the parallel and perpendicular degrees of freedom as separate energy reservoirs doing work whilst exchanging heat between them leads us to the relations in terms of energy U , heat Q and work
differentiation and some algebraic manipulation of the above relations gives the implied perturbed pressure dp = − 4 3
which is derived from the first law applied to the energy in each separate degree of freedom as well as the total energy. To remove any further doubt that this energy conserving system corresponds exactly to our closure, we reformulate our Eulerian perturbation Eq. (25) instead as a Lagrangian perturbation [30] of the pressure
integrating over the fluid volume element xyz = Az and identifying ξ ≡ (dx, dy, dz) and B 0 = B 0ẑ gives immediately Eq. (48) and Eq. (36). Thus, the SA force operator conserves total energy. It simply doesn't cover nor restrict the detailed energy conservation or motion of the parallel and perpendicular components.
Second law
We now show that the heat flows dQ, dQ ⊥ and dQ satisfy the second law of thermodynamics dS ≥ 0. Without loss of generality, we define BiMaxwellain temperatures in terms of the equilibrium density and pressures p ⊥ ≡ ρT ⊥ and p ≡ ρT . The respective relations for the entropy changes are
Using dQ ⊥ + dQ ⊥ = dQ = 0 we immediately obtain
Consider first the case T ⊥ > T ; since dQ = 0, dQ ⊥ must be negative because heat must flow from perpendicular to parallel (hot to cold), this implies dS = dS ⊥ +dS > 0. Conversely, when T ⊥ < T , dQ ⊥ is positive which still implies dS = dS ⊥ + dS > 0.
We may now relax the Bi-Maxwellian condition for each degree of freedom and include further entropy increases due to relaxation, leaving the result unchanged. This places a clear equilibrium-determined 'must not oscillate' restriction on dQ ⊥ for any valid fluid theory, since the equilibrium doesn't oscillate by definition.
Checking the behaviour of sound waves dA = 0 under the SA model we obtain dQ V = dp
This shows that dp may admit strictly oscillatory sound wave solutions without violating the second law requirement that dQ ⊥ must not change sign. Substituting this oscillatory pressure into the previous two equations for the heat flow causes no contradiction, since the residual anisotropic parts dπ and dπ ⊥ are left unconstrained.
In passing, we mention that for CGL, these terms may also oscillate along with p, but for finite heat flow, they must not without some other internal relaxation process to increase the entropy. This behaviour is analogous to the classical thermodynamics result for the modification of ideal gas sound waves due to the relaxation of internal degrees of freedom. Thus, the SA model satisfies the second law of thermodynamics because dQ is zero, and no further restrictions exist on the internal heat flow.
Equations for a MISHKA-like numerical code
In this section, we deliberately follow closely the structure and notation found in [26] to re-derive an anisotropic set of equations for the linear normal-mode MHD solver MISHKA, briefly restating, but not dwelling on, unchanged results. For convenient reference, we will denote changed equations with an asterisk '( * )'. The presented perturbed pressure terms, for the sake of brevity, will be for the novel single-adiabatic model only, although we anticipate that implementation in MISHKA will also include the CGL expressions for comparison.
Equilibrium
We proceed in the straight field line coordinate system r = r(s, ϑ, φ), where s ≡ ψ ψ edge and the Jacobian is chosen such that the angle φ is the ordinary toroidal angle in cylindrical coordinates (R, Z, φ) , then the contravariant components of the equilibrium field, and metric tensor, are
the equilibrium magnetic field in covariant form may be written
where the toroidal field is a flux function for the special case of isotropic equilibrium RB φ ≡ F (s, ϑ) = F ∆ (s) [31] . Summarising, the Jacobian, covariant and contravariant components of the equilibrium field are:
Henceforth we take as understood the standard notation from the tensor calculus, such as superscript and subscript denoting contravariant and covariant components of vectors, as well as the metric tensor g ij and Christoffel symbols Γ k ij . Taking the curl of the equilibrium field gives the equilibrium current density. Doing so with particular care to include the anisotropic ϑ dependence in F , the components are
We note in particular that current no longer lies in flux surfaces for anisotropic equilibrium. For completeness here, we include the integrated fluxes and currents given by
To obtain a Grad-Shafranov type equation, we take the radial component of the pressure
and, using Eqs. (73)-(75), equate it to the radial component of the j 0 × B 0 force in Eq. (13) giving
Eq. (81) is a form of the equilibrium condition which needs to be solved for numerical stability analysis with high precision in a code such as HELENA to obtain the straightfield line geometry inputs for a linear stability code such as MISHKA. The isotropic form [26] is regained in the isotropic limit ∆ → 0 with F and p ⊥ becoming flux functions. The necessary modifications to HELENA to incorporate Eq. (81) have been performed by Qu et al. [5] who also analyse the magnitude of the anisotropic effects on equilibrium. We will leave further discussion on the topic of tokamak equilibrium here and proceed to the linear stability equations in toroidal geometry
Projections of perturbed quantities and conductivity equation
In addition to the simplification introduced by the straight field line coordinate system, the MHD stability problem is simplified when the perturbed vector fields A, V are projected along normal, binormal and parallel directions. In the MISHKA codes, the projections chosen arê
which relate to the poloidal and toroidal components using Eqs. (67)-(72)
(88)
Taking the curl of A gives the perturbed magnetic field
where the perturbed radial magnetic field has been modified by the poloidal dependence of F . We may now use these projections for current, magnetic field and fluid velocity to obtain the equations of motion from the linearised momentum, conductivity and energy equations. The closed system in MISHKA requires equations in terms of equilibrium quantities and the seven unknowns V 1 ,V 2 ,V 3 , A 1 ,Â 2 ,Â 3 and p.
We first deal quickly with the Ohm's law Eq. (4) and its equations relating A and V because they are dependant on Maxwell's equations and the linearisation Eqs. (8)- (11) but not on the pressure. The unchanged isotropic resistive MHD results are [26] 
where the parallel electric field proportional toÂ 3 is zero for ideal MHD. The parallel magnetic perturbations due to the resistive terms in Eqs. (93)- (94) are negligible for the shear Alfvén wave.
Momentum equation
Seeking a set of expressions for the velocities V 1 ,V 2 ,V 3 in terms of the remaining MISHKA variables, we turn our attention to the linearised momentum Eq. (24) . The radial and poloidal components of the momentum equation
contain velocity and perturbed j × B terms which are dealt with first. Eqs. (67)- (69), Eqs. (73)- (75) and Eqs. (90)- (92) are combined to produce the perturbed j × B terms giving
and the covariant velocity terms on the left hand side of Eqs. (96) and (97), using Eqs. (88) and (89), are
The remaining momentum equation is the component of Eq. (24) parallel to the field obtained by dot product with B 0 and inclusion of the equilibrium Eq. (81), giving
which is a far more complex expression for parallel momentum than the MHD version, due to the difficulty of taking a derivative of anisotropic equilibrium pressure in the direction of the perturbed field. Pressure and magnetic surfaces no longer coincide and so changes in pressure cannot be represented by a radial derivative alone. Furthermore, owing to the average gyro-motion of a magnetised plasma, the pressure tensor is oriented with the equilibrium field direction through the ∆B 0 B 0 part of Eq. (20), so a derivative of pressure in a direction tangent to a field line must include changes due to curvature, as expressed with ∆ B i B j 0 ∇ j B 0i . Thus, the introduction of anisotropy means that curvature terms must be computed explicitly from the metric tensor and included in the numerical treatment. 105)) relating the seven components of A, V and p, we close the system of equations with the energy equation
Energy equation
and the derivative terms in the MISHKA variables become
Again we note here that the angular dependence of equilibrium pressure and curvature complicates the expressions, so much so that it is not worthwhile to change from Eulerian pressure p to Lagrangian pressurep as done in MISHKA. The viscous double product 2 3 ∆B 0i B j 0 ∇ j V i may be evaluated by tedious inclusion of all Christoffel symbols computed for the equilibrium straight field line coordinates, however some simplification is possible and is discussed in the next section.
Simplification of curvature terms
The curvature term in Eq. (106) is simplified considerably when expressed in terms of the field curvature κ ≡b · ∇b and the orthonormal basiŝ
which represent the normal, binormal and parallel directions to the flux surface and field line respectively. Realising thatbb : ∇n = −nb : ∇b = −κ ·n, and similarly for⊥ instead ofn, allows a deconstruction of the curvature in terms of normal curvature κ ·n ≡ κ n and geodesic curvature κ ·⊥ ≡ κ g ('ad more geometrico' in [32] ). Furthermore, the chosen contravariant velocity variables for MISHKA are almost the suitable form for that orthonormal basis, with projections of velocity along the unit vectorsn
providing the conversion between bases. The final form for the viscous contribution reduces to and p constitute a full set of linearised equations of motion for the code MISHKA generalising MHD to anisotropic equilibria. This modification to MISHKA and subsequent numerical calculations is the subject of on-going work and a future publication.
Analytical large aspect ratio and cylinder calculations
We now finish this paper with an analytical treatment of the large aspect ratio tokamak equilibrium and cylindrical linear modes to give some intuition about the modifications brought by anisotropy to the MHD stability problem, as well as some simple expressions for comparison with experiments in cylindrical symmetry. This will include a modified dispersion relation for the homogeneous and cylindrical continuum.
We consider a shifted circle geometry which is up-down symmetric and with major radius R(r, θ) ≡ R 0 + δ(r) + r cos θ. Then to leading order in inverse aspect ratio ǫ ∼ r/R, the straight field line coordinates may be written in orthogonal polar coordinates (s, ϑ) → (r, θ) and the large aspect ratio metric tensor is given by
where setting δ → 0 gives the zeroth order cylindrical metric.
Equilibrium
Evaluating the equilibrium Eq. (81) with the large aspect ratio metric gives
where the angular dependence of pressure and the curvature terms are clearly evident. Using the fact that the poloidal flux ψ and F ∆ are flux functions, we deduce the form for the toroidal and poloidal fields for an anisotropic cylinder to be
Taking the zeroth order of Eq. (114) gives the cylinder equilibrium equation 
where again the perpendicular pressure dominates the force balance, and anisotropic curvature terms proportional to the plasma β are the new contributions to the axis shift. In the isotropic limit, the angular dependence of p ⊥ disappears as do the curvature terms and we are left with the well known equations for the Shafranov shift.
Cylindrical wave equation
We introduce the fluid displacement vector V ≡ d dt ξ to the linear equations of motion
and assume a decomposition in the orthonormal form ξ n (r), ξ ⊥ (r), ξ (r) exp(ik · r − iωt) in the normal, binormal and parallel directions. In the cylindrical metric corresponding to the ǫ → 0 limit in Eq. (113), a tedious calculation gives the cylindrical
The CGL model may be considered exact for an adiabatic homogenous collisionless plasma, since there is no mechanism by which the orthogonal degrees of freedom are coupled, and indeed, CGL agrees with the guiding centre plasma model under these circumstances [15] . This comparison lays bare exactly what is wrong with the MHD and SA models through the neglect of anisotropic forces in the momentum equation for collisionless plasma. The modification to the Alfvén speed produced by large anisotropy and resulting firehose instability is lost. The perpendicular pressure is involved in doing parallel work and vice-versa. For non-slab geometry, these degrees of freedom should indeed be coupled, but the quantitative degree of coupling will be geometry dependent, and not strictly isotropic as we have assumed in MHD and the single-adiabatic model. The only satisfactory elimination of this assumption is by restoring the anisotropic perturbation π with non-local closures which take into account the toroidal geometry, bringing the fluid results closer to the kinetic approach.
Cylindrical continuous spectrum
In this final section, we write the full ordinary differential equation in the radial displacement, to allow easy exploitation and comparison with simple experiments, to compare alongside the MHD version, and to obtain the single-adiabatic cylindrical continuum. Again, adopting the notation of [33] for side-by-side comparison, the eigenvalue problem is 
with new equilibrium curvature terms in Λ and the 'real' and 'apparent' singularities of MHD spectral theory easily identified as N = 0 and D = 0 respectively. The N = 0 singular solutions express the continuous spectrum ω k = ± B √ ρ 0 Shear Alfvén continuum (133)
Magnetohydrodynamic normal mode analysis of plasma with equilibrium pressure anisotropy17 = ± directly corresponding to the MHD continuum branches, but with the breaking of pressure degeneracy into p f and p s . Depending on the value of β, these changes in continuua should also be measurable.
Conclusion
In this paper, we use a fluid approach to partially address the problem of non-thermal anisotropic fast particle pressure on linear stability. This approach utilises a novel single-adiabatic closure designed to exactly reproduce the MHD stability analysis in the isotropic limit which cannot be said of the alternative CGL model, due to the anisotropic nature of collisionless modes. The single adiabatic model considers only the 'average pressure' and isotropic forces which underlie any possible fluid model in the first order drift limit. Thermodynamically, we have relaxed the condition of complete insulation of degrees of freedom that exists in CGL and seek to characterise only the isotropic part of the motion. The anisotropic fast-particle terms normally associated with stabilisation do not effect the SA terms in the model and can be considered as a separate problem requiring its own non-local closure.
We also describe the modified linear stability relations which are to be included in a MISHKA-like code. We anticipate that both CGL and the single-adiabatic closure will be implemented in that code for comparison with experiment, and for later elaboration with kinetic or two-fluid additions where the phenomena requires. A non-local closure is required to include the anisotropic corrections to the perturbed forces and this is left for future work.
A distinct advantage of a fluid model is that anyone may easily calculate the implications of the model on quantities such as the sound speed and compare directly with experiment. Although the kinetic theory is the foundation on which all other plasma models are judged, the clarity and intuition gained by fluid models in the historical development of plasma physics should not be readily discarded.
